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The pole of the two-particle T-matrix including the influence of the surrounding medium is an-
alyzed for an interacting Bose gas. The phase diagram of the Bose-Einstein condensation (BEC)
depending on the temperature, density, scattering length, and momentum is derived from this pole.
The critical momentum for the occurrence of superfluidity is obtained in this way. As a new ob-
servation a two-particle binding energy is reported intimately connected with the occurrence of the
BEC. It is suggested that this might have cosmological consequences on the dark energy problem.
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There are interesting scenarios which attribute the un-
solved problem of dark matter and energy in the uni-
verse to interacting bosonic degrees of freedom [1]. One
of the experimental hints is the excess of diffusive gamma
rays which is attributed to annihilation of dark matter
in our galaxy [2]. The observed halo structures and the
observed matter distribution which is not in agreement
with the gravitational law might be accounted for by al-
most massless (pseudo-)scalars such that the correspond-
ing Klein-Gordon equation leads to BEC of astronomic
size [2]. Scalar field models can in principle describe both
dark energy and dark matter [2, 3]. Such point-like cold
particles are postulated to explain the structure of self-
gravitating objects extending the standard model [4, 5].
Interactions between postulated scalars and baryons em-
bedded in the condensate can also explain the anomalies
in the cosmic microwave background [6].
The idea to identify the dark energy with the BEC of
some boson field remains under debate [7]. In this model
a mechanism is proposed that the condensate collapses to
black holes and other localized objects rapidly with new
condensation starting. In this way the universe is thought
to be filled with many such black holes and localized ob-
jects entering the inflationary regime. The dark matter
is understood as formed by collapses of the dark energy.
In this letter we show that the appearance of BEC in
an interacting Bose gas is everytime connected with a
binding energy. Since in the BEC scenarios described,
the energy balance is counted without this binding en-
ergy, our observation might have an impact on the above
mentioned models. Especially it might contribute to the
missing dark energy balance.
The BEC phase transition occurs since the free energy
of the condensed phase is lower than the free energy of
the normal phase such that it is sometimes viewed as a
first-order phase transition [8]. This is connected with
interactions between the particles. BEC appears already
in the ideal Bose gas since one takes into account at least
Bose statistics as the correlation. Generally speaking,
any interaction energy is a two-particle quantity. There-
fore it is tempting to analyze the BEC in terms of two-
particle properties. We will perform this task with the
help of the two-particle T-matrix taking into account the
influence of the surrounding medium. We will derive the
conditions for BEC from the pole of the T-matrix.
Interacting Bose systems have recently gained large at-
tention. This is partially due to the success of tabletop
experiments of interacting Bose gases in traps [9, 10].
Mainly the change of the critical temperature is in
the center of interest [11, 12]. For bulk Bose systems
the critical temperature rises linearly with interaction
[13, 14, 15, 16, 17] in agreement with the Monte Carlo
data [18, 19, 20]. For stronger interactions a nonlinear
behavior appears with a maximal critical temperature
and a maximal interaction up to which Bose-Einstein
condensation (BEC) is possible [21, 22]. The appearance
of bound states have been not considered on the same
footing. We will fill this gap with the present paper.
The bosonic two-particle T-matrix for contact inter-
action in a bosonic medium depends on the frequency
ω/~ and the center-of-mass momentum Q relative to the
surrounding medium [22]
T (Q,ω) = −4π~
2a0
m
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with the quasiparticle dispersion ǫp = p
2/2m, the Bose
distribution f(x) = 1/[exp (x/T )− 1], and the free scat-
tering length a0 without medium effects. Without loss of
generality we restrict our investigation here to the non-
relativistic case which can be generalized to relativistic
dispersions.
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FIG. 1: The real and imaginary part of J(Q,ω) versus energy
relative to the center-of-mass energy. The length scale s is
fixed to the scattering length. The corresponding scales for
energy and momentum are ǫs = ~
2/2ms2 and ps = ~/s.
We will now determine the pole of the T-matrix which
provides information about the two-particle excitations
in the system. In particular we will find the condition for
the occurrence of BEC. In order to justify this approach
we compare the results here with the condition for BEC
found earlier. The medium-dependent scattering length
a diverges at the phase transition [22, 23] and is given by
the expansion with respect to small momentum, p = ~k,
of the scattering phase
tan δ =
ImT
ReT
∣∣∣∣ Q = 0
ω = Q
2
4m
+ p
2
m
≈ ak +O(k2). (3)
For quadratic dispersion we have
a
a0
=
1 + 2f(ǫ0 − µ)
1− 4a0π~
∞∫
0
dp¯f(ǫp¯ − µ)
. (4)
The medium-dependent scattering length a diverges as
soon as the scattering length a0 approaches the critical
one
aC0 = lim
a→∞
a0 =

 4
π~
∞∫
0
dp¯f(ǫp¯ − µ)


−1
(5)
where the denominator of (4) is zero.
Now let us investigate the pole condition of the T-
matrix (1), i.e., J = −1. In figure 1 we plot the real and
imaginary part of (2). We see that the imaginary part
is finite for positive energies describing scattering exci-
tations while for negative energies relative to the center-
of-mass energy no scattering dissipation limits the life-
time of the excitation. The real part is sharply peaked
with a minimum at the continuum threshold ω = Q2/4m.
Therefore in order to have a pole one has to demand
ReJ
(
Q,
Q2
4m
)
≤ −1. (6)
From this condition and inspecting (2) we obtain in
fact two conditions. We find that the real part of
J(Q,Q2/4m) is a monotonically increasing function of
the momentum Q. Therefore the first condition to have
a pole reads
ReJ(0, 0) ≤ −1, (7)
or equivalently a0 ≥ aC0 called scattering condition in
the following. The second condition, called momentum
condition, requires that the center-of-mass momentum is
smaller than a critical value
Q ≤ Qc (8)
determined by the equality sign in (6).
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FIG. 2: The critical density for a fixed temperature (left) and
critical temperature for a fixed density (right) versus scatter-
ing length. The scale parameter s is fixed by the temperature
and density and determines the scales.
Using the scattering condition we are able to determine
the phase diagram with respect to the density, tempera-
ture, and interaction length. In figure 2 we give this phase
diagram as it is obtained from the T-matrix. The critical
temperature rises and the critical density decreases with
increasing scattering length while for the noninteracting
(ideal) case it remains constant. One should note that
the T-matrix approximation is a weak-coupling approxi-
mation and for higher values of the scattering length the
critical temperature is not increasing further but decreas-
ing and reaching zero at a maximal critical scattering
length [22].
The momentum condition leads to an interesting de-
pendence of the pole on the center-of-mass momentum.
In figure 3 we present the dependence of the critical
momentum on the different parameters. We interpret
the occurrence of an upper critical momentum for the
pole in the T-matrix as a finger print for superfluidity.
Whether BEC occurs or not is seen in the center-of-mass
system such that only the scattering condition (7) decides
3whether BEC occurs or not. The critical momentum ac-
cording to the momentum condition (8) now separates
the phase diagram additionally into an area with only
BEC and an area with BEC and superfluidity.
That this interpretation is justified we can understand
by a reasoning similar to the derivation of the Landau
condition for superfluidity. We imagine a two-boson
bound state dragged through a medium of ground-state
bosons. The binding energy EB is obtained from the
pole of the T-matrix for Q = 0, neglecting the Q de-
pendence of EB. In case of sufficiently high momentum,
Q = 2m|V |, dissipation will happen such that the bound
state will scatter with the Bose particles and will break
off. If the momentum and energy of a single particle of
the medium are changed to p and ǫ = p2/2m by the
scattering, one can find that the momentum and energy
transfered to the two-particle object are ∆P = −p and
∆E = pV − ǫ [24]. If the bound state breaks off, the lat-
ter must account for EB and the center-of-mass energy
p2/4m. From the resulting balance, |p||V | cos θ − ǫ ≡
EB + p
2/4m, we obtain a condition for such process to
happen
Q =
2m(ǫ+ EB) +
1
2p
2
|p| cos θ
≥ 2mEB|p| +
3
2
|p| ≥ 2
√
3mEB ≡ Qc. (9)
In other words for momenta lower than Qc such dissi-
pative processes cannot occur and the medium behaves
without dissipation, i.e., frictionless and therefore super-
fluid.
In figure 3 we plot the results for the critical momen-
tum obtained from the momentum condition of the T-
matrix with and without condensate. The kinks at the
critical values of the ideal Bose gas vanish when the con-
densate density is included in the following way. For
homogeneous Bose systems one separates the condensate
in the distribution function [25] as
f(ǫp − µ) = 1
e(ǫp−µ)/T − 1 + (2π~)
3n0δ(p). (10)
The density of the condensate n0 can be determined by
selfconsistent approaches [26, 27]. Here we use a sim-
plified model which is sufficient for the present purpose.
For densities smaller than the critical one the condensate
density n0 is zero. For densities larger than the critical
one we keep the chemical potential fixed at the critical
value µC given by (5) with aC0 (µ
C) = a0. Then we cal-
culate the density of the non-condensate particles, from
the first part of (10) at this critical chemical potential.
The difference between the total density and the normal
density yields the density of condensate particles. The
critical temperature is increasing with increasing scat-
tering length. Normalizing the critical temperature to
unity we found no difference to the result of a selfconsis-
tent calculation [27].
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FIG. 3: The critical momentum versus scattering length for a
fixed temperature and density (upper left), versus density for
a fixed temperature and scattering length (upper right) and
versus temperature for a fixed density and scattering length
(below). The curves without condensate density (thick broken
lines) are compared with the curves including the condensate
(thick solid lines). The condensation starts or ends at the
critical values obtained from the scattering condition (vertical
dotted lines). Critical momenta according to (9) (thin broken
lines) and (12) (thin solid line) are also included.
The analysis so far has convinced us that we can find
the BEC from the pole condition of the T-matrix. It is
now interesting to note that this BEC pole at negative
energies means also that there is a two-particle binding
energy. We found the puzzling property that in the BEC
regime the particles show a binding energy. We can cal-
culate the pole condition of the T-matrix analytically in
the zero-temperature limit, where the bose function in
(10) vanishes and the condensate density n0 is equal to
the total one n. Introducing the condensate part of (10)
in (2) we obtain, assuming a quadratic dispersion,
J
(
Q,ω +
Q2
4m
)
= a0Θ(−ω)
√
−mω
~2
− ia0Θ(ω)
√
mω
~2
+
∆
ω − Q24m
(11)
with the characteristic energy ∆ = 8πna0
~
2
m . The critical
momentum follows as
Qc = 2
√
m∆ (12)
and the binding energy EB can be obtaint from
− 1 = J
(
Q,−EB+ Q
2
4m
)
= a0
√
mEB
~2
− ∆
EB+
Q2
4m
.(13)
A comparison with the heuristic result (9) shows a dif-
ference by a factor of
√
3 which is quite satisfying for
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FIG. 4: The two-particle binding energy of the BEC relative
to the continuum edge dependent on the different parameters
keeping the other ones fixed. The broken line indicates the
result without condensate density for finite momentum. The
thin solid line is the result in the center-of-mass frame while
the thick one is for finite momentum. The inset shows the
strong coupling limit of the binding energy.
the level of approximations. Both approximations, (9)
and (12), are compared in figure 3. For small scatter-
ing lengths the heuristic approximation (9) overestimates
the numerical value since it neglects the relative motion
of the two particles. The dominant-condensate approxi-
mation (12) underestimates the critical momentum since
the correlations of normal particles are neglected.
An expansion of the binding energy around its root,
i.e., the critical momentum, yields a linear dispersion
EB(Q) ≈ Qc(Q−Qc)/2m from which the Landau critical
velocity for superfluidity [28] of VC = Qc/2m is obtained
which also justifies our interpretation of Qc as the critical
momentum of superfluidity.
The appearance of the binding energy is connected
with the critical density and temperature for BEC as one
can see in figure 4. The binding energy becomes larger
with increasing density or scattering length. For larger
scattering length the binding energy saturates. Going be-
yond the T-matrix approximation a nonlinear behavior is
expected analogous to the critical temperature [22]. The
binding energy decreases with increasing temperature or
momentum which follows the reasoning concerning the
behavior of the condensate.
Summarizing we have analyzed the pole of the
medium-dependent T-matrix and found the condition for
the BEC from this pole. Besides the phase diagram this
pole allows us to determine the critical momentum for
the occurrence of superfluidity. As a new observation
we found that the BEC is linked to the occurrence of a
two-particle binding energy. We suggest that this could
have a cosmological relevance concerning the dark energy
problem since the energy balance of interacting Bose sys-
tems is changed by this two-particle binding energy.
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